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New Approaches to Determining Shortest Cutters and Work Piece Setups without Over-
travel for 5-axis CNC Machining 
Aqeel Ahmed, Ph.D. 
Concordia University, 2013 
 Five axis CNC machining centers are widely used in the industries for producing 
the complex parts. Due to two more axes as compared to the three axes machining, it 
provides the efficient and flexible way of the machining. Besides this flexibility, accidental 
collision possibilities between the cutting system and the other moving parts of the machine 
tools are also increased. These collisions could be avoided by changing the orientations of 
the tool during the tool path planning or by adjusting the cutter length and the tool holder 
size after the tool path generation in the part coordinate system. Collision detection and 
removal by the optimum cutter length depends on the configuration of five axis machine 
tools. No. of possible candidates for the collision may vary with the configuration of the 
machine tools. Since the fully utilization of the existing machining facilities in the industry 
is also in high demand, therefore, after selecting the one of the critical parameter of the 
cutter length, the maximum utilization of the work space of the 5-axis machine tools is 
another critical task.  
This dissertation comprises of two main works. 
iv 
 
 In the first research work, a comprehensive approach for the determination of the 
optimum cutter length for the specific configuration of five axis machine tool is developed. 
The complete cutting system (the tool, the tool holder and the spindle), the work in process 
model and the fixture are the three possible candidates for the collision. The work in 
process model and the fixture are represented as the point cloud data and the tool holder 
and the spindle are represented as a regular shape of the truncated cone and the cylinder 
respectively. Collision checking is conducted in two steps. In the first step the KD-tree data 
structure is employed on the point cloud data and a method is developed which confines 
the searching of the point cloud data in the local region and in the second step a new 
mathematical model for the collision detection between the points in the local region and 
the cutting system is established. This model also has the capability of removal collision 
with the optimum cutter length. 
 In the second research work, kinematics of the table rotating and spindle tilting 5-
axis machine is developed and setup parameters for mounting the part on the table are 
defined. A precise method for the determination of the setup parameters, which gives the 
opportunity of fully utilization of the work space of the machine tool, is developed. Many 
machining simulation software such as vericut can simulate the G-codes for the given setup 
parameters of the part and can verify the over travel limits of the machine tool as well as 
accidental collision between the moving parts of the machine. In this research, the 
developed method for the determination of the setup parameters gives the guarantee of 
complete machining of the part without over travel limits of the machine translational axes. 
This research is based on the predetermined machining strategies, which means, tool path 
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 Five axis machining is the most emerging CNC machining field and widely used 
technology for the production of complex 3D sculptured surfaces. Examples include, 
aerospace and automotive parts, and die/mold surfaces. Five axis milling machines are NC 
machines which are characterized by three translational and two rotary axes. To grab the 
object in the space at any orientation by the robot, we need minimum five degrees of 
freedom in the arm of the robot. Similarly, in the CNC machine tools five degrees of 
freedom are the minimum requirement to achieve any orientation of the tool relative to the 
work piece. 
 
1.1 Classification of 5-Axis machines 
Five axis machines can be classified into four groups based on the number of 
translational and rotary axes [1, 27]:  
1. Three translational axes and two rotary axes. 
2. Two translational axes and three rotary axes. 
3. One translational axis and four rotary axes and 
4. Five rotary axes. 
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A typical five axis machine has three translational axes and two rotary axes. These 
machine axes can be assigned to the tool and to the machine table using a variety of 
combinations. Nowadays, five axis machines are commercially available in different 
variety of location of axis combinations. Five axis machines can be classified on the basis 
of the location of the two rotary axes as shown in figure 1.1.  
 
1. Table-rotating/tilting:  Both rotary axes are carried by the table.  
2. Spindle-rotating/tilting: Both rotary axes are carried by the spindle. 











Figure 1.1- Types of 5-axis milling machines: (a) Table-rotating/tilting type (b) Spindle-rotating /tilting 





Depending upon the applications, one of the above varieties of the machines can be 
the suitable for machining the part. For example light and limited dimensions of the work 
piece are suitable for machining on type ‘a’ and type ‘c’ and all types of very heavy and 
large work pieces such as wings of the air plane, blade of turbines and etc. are suitable for 
machining on type ‘b’ machines. The focus of this research is on the machines whose one 
rotary axis is implemented in the tool kinematic chain and other is on the work piece 
kinematic chain. These types of machine with different configurations are available in the 
market. DMU 60T is an example of type ‘c’ machine whose configuration and some 
advantages and disadvantages will be addressed in the next section. 
 
1.1.1 Configuration of DMU 60T 5-axis machine 
In this machine, two translational axes (x and y) and one rotary axis-b (rotation 
about y-axis) are implemented with the spindle and one translational Z-axis and one rotary 
axis-C (rotation about Z-axis) are implemented on the table. Figure 1.2 shows all the axis 


















Figure 1.2- Configuration of DMU 60T 5-axis milling machine 
 
1.1.2 Advantages and Disadvantages 
 
This type of machine is used for the production of smaller size work piece. Since 
the table is always horizontal during the machining, gravitational force helps to fix the part 
on the table. The use full work space is smaller which means space or volume where work 
piece and tool can shake hand is smaller. The transformation of the work piece coordinates 
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i.e. tool position (CLx, CLy, CLz) and orientation (Ix, Iy, Iz) to the machine axes positions 
i.e. machine translational axes (xy and Z) and rotational axes (b and C) is depends on the 
position of the work piece on the table. It means, with the change in setup of part on the 
table, machine axes positions need to be recalculated and a new CNC program must be 
generated again. Cause of this disadvantage is the location of one rotary axis with the table 
where work piece is mounted. The 5-axis machines whose both rotary axes are located on 
the table have the same disadvantage.  
 To machine the part, two steps of tool path planning and post processing must be 
accomplished prior to the machining and the following section will describe the details of 
these two steps. 
 
1.2 Tool path generation 
 Tool path generation method for the five axes machining normally consists of two 
steps. In first step cutter contact points are generated on the design surface and in the second 
step inclination (α) and tilt (β) angles are determined to eliminate gouging. These two steps 
can be accomplished with the different methodologies and several researchers adopted 
different methods to complete these steps. List of methods or research topic under these 
two major issues in the tool path generation of the 5-axis machines are shown in figure 1.3. 
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Figure 1.3-Tool path generation method research topics for 5-axis machining 
 
Many existing CAD/CAM software are capable of generating tool path with 
different machining strategies. CATIA is the most popular CAD/CAM software among 
them, which allows us to generate five axis machine tool paths with different styles. These 
tool path styles include; 
1. Zigzag tool path 
2. One way tool path 
3. Out ward helical tool path 




CATIA is also providing the opportunity for the user to select the following machining 
parameters, while using the different functions of the tool path generation. 
1. Cutting tool selection i.e. Ball end mill, flat end mill, etc. 
2. Selection of no. of level of the machining 
3. Machining tolerance selection 
4. Scallop height selection 
5. Local gouging detection 
6. Depth of cut selection 
7. Different options for the determination of tool vector i.e. Tool vector normal 
to the drive surface, optimize lead angle, fixed lead angle, etc. 
8. Machining macro selection i.e. tool retract, tool approach, tool linking 
approach, etc. 
By using above options, one can easily generate the five axis tool path (cutter 
location and orientation) in the part coordinate system. This tool path can be used for any 
configuration of 5-axis machines. All the research work which is going to be present in this 
dissertation, is based on the given tool path. 
  
1.3 Post processing 
After generating the tool path in the part coordinate system ,it is necessary to 
transform cutter location point (CLx, CLy, CLz) and tool orientation vector (Ix, Iy, Iz) into 
machine coordinate system, which are three translations and two rotation angles values 
depending upon the configuration of the 5-axis machine. These machine coordinates 
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control the motions of the machine through G-code. Development of G-codes from CL and 
tool orientation data is called post processing. Series of transformation required for the post 
processing depends on the machine configuration. This transformation is also called 
geometry transform or inverse kinematics. Inverse kinematics always gives the multiple 
solutions and in 5-axis milling machining with two rotary axes, there are four sets of 
solutions for rotation angles can be possible. For DMU 60T, machine coordinates can be 
represented in terms of work piece coordinate system as follows 
Machine rotations angle; 
 ,x yC f I I  
 zb f I  
Machine translational axes; 
 , , , ,x y x y zx f CL CL I I I  
 , , ,x y x yy f CL CL I I  
 ,z zZ f CL I  
Above equations represents machine axis coordinates in terms of work piece 
coordinate system and the detailed derivation of the machine coordinates will be presented 





Literature Review and Research Objectives 
  
 The research problems, which are not completely defined yet, can be defined simply 
in two key words sentences 
1. Shortest cutter determination without collision. 
2. Maximum utilization of the useful work space of the 5-axis machine tools. 
Above two research problems are related with the gouging detection and the post 
processing (G-code development). Therefore, in the following literature review section, 
first the overview of the existing software capability will be discussed then detailed 
literature review over the collision & gouging detection and post processing issues in 5-
axis machining will be presented. 
 
2.1 Literature review 
As mentioned earlier in chapter 1, that in the five axes machining, there is also 
increase in the possibility of global as well as local collision between the moving parts 
along with the increase in the flexibility of the tool orientation relative to the work piece. 
Global collision means accidental contact of non active cutting portion of the cutting 
system (tool, tool holder and spindle) with the other moving parts of machine such as work 
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piece or fixture or table. Local collision also refers to as the local gouging, which can occur 
between the active cutting edge of the tool with the work piece in the vicinity of the cutter 
contact point.  
 
2.1.1 Software overview 
Many existing commercial CAM softwares such as VERICUT, Master cam, and 
CATIA are capable of detecting collision during the machining simulation. In CATIA, user 
can adjust tool tilt and inclination angle to get the collision free tool path. Once collision 
free too path is generated and G-codes are generated, VERICUT can detect the collision in 
the actual machining environment. But the collision avoidance task in the actual machining 
environment is left for the user. After the local collision free tool path generation, it is 
necessary to check the collision in the actual machining environment and select the optimal 
tool length which could avoid the global collision. There are two ways to get the optimum 
cutter length by avoiding collision detection. One is to fix the tool holder design and change 
the mounting position of the tool in the tool holder. The other is to change the design of 
the tool holder, to get minimum overhang tool length. In the first case, overall length of the 
cutting system will increase and in the second case, overall cutting system length will not 
increase. Also in the second option, less overhang tool length can give low tool slender 





2.1.2 Literature review on collision detection 
Most of the algorithms [5-10] used design surface properties such as curvature, in 
order to get local collision free tool path. Lee [5], first determine the feasible tool 
orientations for the local surface shape and then avoid rear collision by using the global 
geometry and updating the feasible tool orientation region. CC. Lo [6] proposed method of 
cutter path planning in which cutter inclination angle adaptively tune along the machining 
path in such a way that the effective cutter radius is always maximized, without causing 
rear gouging. Gray et al. [7, 8] presented a local collision free new positioning strategy of 
the tool, called RBM (Rolling ball method). Other approach is an arc intersection method 
(AIM) in which instead of iteratively tilting the tool and checking for the contact with the 
design surface, the shadow grid points (SGP) of the tool on the surface are rotated to contact 
the tool. The largest tilt angle is found among the SGP and the tool surface. B.K Choi [9] 
developed expression for the cusp height as a function of tool orientation angles. Objective 
of the research was to minimize cusp height with no local and global interference. C.G. 
Jensen et al. [10] used local distance between the cutter bottom and the surface to detect 
and avoid the local interference and for the global interference avoidance the shortest 
distance between the part surface and the cutter axis is calculated. 
In the previous research, [11-13] researchers developed the algorithms for rapidly 
detecting and avoiding the collision based on the hierarchical bounding boxes, called k-
discrete oriented poly tope (k-DOP). The work piece modelled as the point cloud data and 
the tool is modelled with help of implicit equations. Ho et al. [14] developed algorithm for 
collision detection of the cutting system with the point cloud data. Representation of cutting 
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system was in constructive solid geometry (CSG) or binary space partition (BSP). Binary 
space partition determines whether the point into consideration is in collision or not.  
Illushin et al. [15] used the axial symmetry nature of the cutting system to derive a precise 
polygon-tool intersection for the global collision detection. Wein et al. [16] extended the 
approach [15] for the continuous motion of the tool. However both algorithms are effective 
for global collision detection, not for the removal of collision by the optimum tool length. 
Lauwers et al. [17] integrated tool path generation module, post processor and machining 
simulation in order to find global collision and by changing the tool orientation in the tool 
path generation process, avoidance of collision was possible. The latest technique [37] for 
the collision detection during the tool path planning of the five axis high speed machining 
is the image based strategy, which is more efficient and maintain a high detection precision.  
Collision detection problems are also addressed for particular applications. Younge 
et al. [18] proposed algorithm for the collision detection between the cutting tool and the 
centrifugal impeller blade surface during machining. Gain et al. [19] proposed collision 
detection algorithm for five axis machining of cavity regions with undercut. This algorithm 
used the concept of vector field and open region to determine collision free tool orientation. 
Kim et al. [20] proposed algorithm of the collision detection for five axis machining of a 






2.1.3 Literature review on post processing 
Fully utilization of the five axis NC machines tool working space is an important 
task. Generally the part size, the cutting system length, the tool orientations and the initial 
setup of the part on the table determine whether the part could be machined completely 
without over travel limits of the machine tool or not. Detailed analysis of the kinematics of 
the different 5-axis machine tools configuration has been presented in [1, 27] along with 
the some useful definitions of the work space utilization factor, machine tool space 
efficiency and orientation space index. Several researchers raised the post processing issues 
such as optimization of the rotations to minimize the kinematic errors near the stationary 
points of the machined surface [21], minimization of the phase reverse processes and an 
efficient post processing of the table tilting and rotating 5-axis machines [22, 23], avoiding 
singularities of 5-axis machine tools [24] and design of generic five axis postprocessor 
system for different five axis machine tools [25]. Consideration of the setup parameters of 
the part with respect to the mounting table to utilize the maximum workspace of the 
machine tools is completely ignored by the researchers [21-25]. To the best of my 
knowledge only one Journal publication [26] about the optimization of the setup 







2.2 Research problems and objectives 
Based on the literature review conducted in the previous section, research problems 
are identified and to solve these problems, certain objectives are set. 
  
2.2.1 Identification of the research problems 
It is clear that all previous algorithms are able to detect collision for the five axis 
machining. Most of the algorithms are only capable of the collision detection. Some of 
them are able to remove collision by changing the tool orientation during the tool path 
generation. There is no algorithm available which determines the shorter effective cutting 
edge of the cutting system (tool, tool holder and spindle) of the five axis machine tools 
based on the predetermined tool path and work in process model. In the industries, different 
sizes of the tool holders are available and there is no algorithm available for the selection 
of the tool holder for the five axes machining, which gives the shorter over all cutting 
system length. 
Overall cutting system length is also an important parameter for the determination 
of the use full work space of the five axis machines. Literature review of the post processing 
issues also reveals that no research is conducted on the setup parameters of the part to do 
the complete machining without over travel limits of the machine translational axes. This 
research problem actually suppress one of the disadvantage of 5-axis machines whose one 
or two rotary axis are located on the table and mentioned by Bohez et al [1]. 
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“The transformation of the Cartesian CAD/CAM coordinates (XYZIJK) of the tool position 
to the machine axes positions (XYZAB or C) is dependent on the position of the work piece 
on the machine table. This means that in case the position of the work piece on the table is 
changed this cannot be modified by translation of the axes system in the NC program. They 
must be recalculated.” 
In fact above disadvantage is due to the location of the one or two rotary axis on 
the table where work piece is mounted. When the position of the work piece changes on 
the table, machine translational axis positions are also changed. Consequently, there is the 
possibility of reaching the end limits of the translational axes. Since the focus of this 
research is on the machines whose one rotary axis is located with the table and other with 
the spindle. Hence method developed in this research is implemented on DMU 60T five 
axis machine. But this method can be implemented on any type of the configuration of the 
5-axis machine tools. Based on the above discussion two problems of research are 
identified as below, and detail architecture of the research problems is shown in figure 2.1 
1. Determination of the shortest cutter length based on collision avoidance between 
the cutting system and work in process model as well as fixture mounted on the 
table of the  5-axis machine whose one rotary axis belongs to the table and other 
with the spindle i.e. DMU 60T. 
2. Based on the shortest cutter length and the configuration of the 5-axis machine tool, 
determination of the setup parameters of mounting the largest work piece on the 




Tool Path generation with randomly selected 
length of the cutter and design of the tool 
holder for the five axis machines in the part 
coordinate system
Selection of the 5-axis machine tool
For randomly selected setup parameters for mounting the 
part on the table, generation of the G-codes
Machine over travel limit 
checking by Machining simulation 






 RESEARCH PROBLEM 
DEFINITION
Based on the shortest cutter length and the 
five axis machine tool configuration, 
determination of the setup parameters for 
the largest work piece without violating 
the machine tool travel limitation
Generation of G-codes
Machining simulation in part 
coordinate system and determination of the 
collision detection






 RESEARCH PROBLEM 
DEFINITION
Shortest cutter length determination in the 
actual 5-axis machining environment 
based on the collision detection between 
the cutting system and the work in process 
model as well as with the fixture.
 
Figure 2.1-Detailed architecture of the research problems definition 
 
2.2.2 Research objectives 
 
Based on the above identified 1st research problem of shortest cutter length 
determination, following research objectives are set; 
1. Mathematical modelling of the complete cutting system. 
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2. Development of the mathematical model for the point cloud representation of the 
work in process model  and the fixture 
3. Determination of the machine tool rotation angles from the tool vectors in the part 
coordinate system. 
4. Kd-tree data structure employment on the point cloud data for the efficient 
searching of the colloidal points of the work in process model and the fixture with 
the complete cutting system. 
5. Development of the mathematical model for the interference free cutter length. 
Shorter cutter length determines the overall cutting system length and the overall 
cutting system length determines the tool tip reachable work space for the 5-axis machine. 
For the maximum utilization of the use full work space based on the shortest cutter length 
and the setup parameters for mounting the part on the table, following objectives are set; 
1. Development of the mathematical model for the determination of the machine tool 
travel commands of DMU 60T 5-axis machine, when the tool path in the part 
coordinate system is given. 
2. Mathematical model for the determination of the tool tip reachable work space in 
the table coordinate system. 
3. Development of the mathematical model for the determination of the feasible 
region for the selection of the setup parameters for mounting the work piece on the 
table. 
4. Development of the algorithm for the determination of the feasible region for the 
selection of the setup parameters for mounting the work piece on the table. 
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Upcoming two chapters will describe the objectives set in this section. At the end 
of each chapter, application and practical example of machining the part is also presented 












A Comprehensive Approach to Determining 
Minimum Cutter Lengths for 5-Axis Milling 
 
The shortest tool determination for the 5-axis milling machining is a critical task. 
Short tool length increases the rigidity and chatter stability. Besides these advantages, 
overall short cutting system length can increase the working envelope of the 5-axis machine 
tools and can minimize the geometrically based error during machining. In this research a 
new interference detection method of the complete cutting system with the work in process 
model as well as with the fixture is developed. The complete cutting system includes 
spindle (cylinder), tool holder (truncated cone) and cutter (cylinder) and is considered as 
the surface of revolution around the cutter axis. The surfaces of the work-in-process model 
and the fixture model can be represented as the point cloud data. The KD-tree data structure 
is employed on point cloud data which gives the efficient searching of the potential 
candidate points for the interference detection with the complete cutting system. 
This chapter comprises of the following five sections. In section 1, possibility of 
collision in five axis machining is discussed. In section 2, the parametric modelling of the 
complete cutting system and point cloud data representation of the work in process model 
or the fixture model is presented. A new interference free cutter length model is presented 
in section 3. An efficient searching method along with the algorithm is discussed in section 
4. The last section concludes the research by discussion of the applications and results.  
 20 
 
3.1 Types of collision in five axis machining 
The collisions that may occur during the machining process depend on the machine 
type [28]. Focus of this paper is on the “C” type machines collisions detection and removal 
by the optimum length. The configuration of the machine along with the axes motion is 
shown in figure 1.2. It is obvious from the configuration of the machine; there is a 
possibility of the cutting system collision with the in-process work piece or the fixture 
model. The cutting system includes the spindle, the tool holder and the tool. Illustration of 







Figure 3.1- Possibility of the spindle collision with the fixture in actual machining environment 
 
3.2 Cutting system model and point cloud representation of the in-process or the 
fixture model 
 
Three bodies which include the complete cutting system, the in-process work piece 
 21 
 
model and the fixture model are the possible candidates of the collision during the 
machining. Due to the axial symmetry nature of the cutting system, the spindle is 
represented as a cylinder and the tool holder as a truncated cone. 
3.2.1 Parametric CAD model of the cutting system 
Cutting system can be represented in the cutter coordinate system as a surface of 
revolution. Figure 3.2 shows the planer lines along with the end points. These planer lines 





















Figure 3.2- Cutting system profile in the cutter coordinate system 
The parametric form of the line segments can be given as; 




The surface of revolution can be obtained by inserting another parameter   .Therefore, 
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3.2.2 In-process work piece model 
 
Different CAM softwares are able to generate tool paths and also capable to store 
the updated stock after each cutting process. These updated stocks are called in-process 
work piece models. For an illustration, a rough tool path is generated in CATIA and from 
STL file of the in-process work piece model, a tessellated triangular mesh surface is 
generated. Demonstration of the work in process model is shown in figure-3.3 and the 
tessellated triangular representation of the in-process work piece model is shown in figure-



















Work in process 








Figure 3.4- Tessellated triangular representation of the in-process work piece model 
 
3.2.3 Point cloud generation 
 
Randomize points generation with the suitable density (points per unit area) will 
create point cloud data. In the triangular tessellation representation of the in-process work 
piece model, point cloud data consist of the vertices of the triangles and randomly 
generated points on the triangular planes with the suitable density. The method of 
generating random points on a triangle is well established.  For generating the point cloud 
data of constant density “D” for each triangle, no. of points on each triangle can be 
calculated as 
1 2 1 3
1
No. of points for a triangle  P P X P P  D 
2
    (3.3) 
Where P1, P2 and P3 are the vertices of a triangle 
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For the generation of a random point on a triangle, two random numbers r1 and r2 
at the interval of [0, 1] are generated and point can be calculated by the following formula 
as given in the literature [29, 30] 
1 1 1 2 2 1 2 3(1 ) P (1 ) P P  P r r r r r           (3.4) 
Example of the point cloud data generation with the density of 0.5 points/mm2 on 
the triangular mesh surface is shown in figure 3.5. No. of points and points on the triangles 













Figure 3.5- (a) Triangular mesh surface (b) point cloud data with D=0.5points/mm2 
 
3.3 The interference free cutter length model 
First at the initial clamping position of the tool, tool length(𝑙) is assumed as an 
initial tool length. Based on this tool length, the spindle interference free cutter length 
model is established and a new spindle interference free tool length is calculated. Then 
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based on a new tool length(𝑙𝑛𝑒𝑤), the tool holder interference free cutter length model is 
established and the final interference free cutter length is determined. 
3.3.1 Spindle interference free cutter length model 
 
Objective function can be formulated as to find the minimum distance  d u
between the sample point (point cloud data) on the work in process model as well as on the 
fixture and the tool center line segments from the spindle start point to the pivot point. 
Condition for the avoidance of collision is given as;  
Minimum distance    sd( )  > ru u (radius of the spindle) 
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C ThP 0 0 L 1l   Spindle center line start point in the cutter coordinate system  
 
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C Th sP 0 0 L L 1l    Spindle center line end point in the cutter coordinate 
system 
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sin b 0 cos b CL
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 







wT  is the homogeneous transformation matrix from the cutter coordinate 
system to the work piece coordinate system and C and b are the machine tool rotations 
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determined by the tool vectors [Ix Iy Iz] (For details of derivation see Appendix A). And 
[CLx CLy CLz] are the cutter locations in the part coordinate system. 
The minimum distance can be calculated as 
          
2 2 2
SP SP SPd = x - x + y - y + z - zu u u u  (3.7) 
Where, 
 SP SP SPx y z  Point cloud data
T
  
  sx( ) y( ) z( )  L ( )
T
u u u u  
The parameter at which  x( ) y( ) z( )
T
u u u is calculated, can be find as 
           SS SE SS SS SE SS SS SE SSSP w w w SP w w w SP w w w
2
s




    
  (3.8) 
 
3.3.2 Tool holder interference free cutter length model 
 
Objective function can be formulated as to find the minimum distance  d u between 
the sample point (point cloud data) on the work in process model as well as on the fixture 
and the tool center line segments from the tool holder start point to the tool holder end 
point. Condition for the avoidance of collision is given as;  
Minimum distance    Thd( )  > ru u  (radius of the tool holder) 
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r  Larger radius of the tool holder (truncated cone)




 ThSCP 0 0 1  Tool holder start point in the cutter coordinate system.new
T
l   
 ThEC ThP 0 0 L 1  Tool holder end point in the cuttter coordinate system.ne
T
wl    
Minimum distance can be calculated as 
          
2 2 2
SP SP SPd = x - x + y - y + z - z   u u u u  (3.12) 
 SP SP SPx y z  Point cloud data
T
  
  Thx( ) y( ) z( )  L ( )
T
u u u u  
The parameter at which  x( ) y( ) z( )
T
u u u is calculated, can be find as 
           ThS ThE ThS ThS ThE ThS ThS ThE ThSSP w w w SP w w w SP w w w
2
Th
x - x x - x y - y y - y z - z z - z
(L )
u
    








3.4 The new search method for minimum cutter lengths 
The model presented in section 3.3 is not the efficient way of finding the optimum 
tool length. It is necessary to confine the searching of the colloidal points in the local region 
instead of searching the whole point cloud data. In order to get the local region for 
searching the colloidal points at each cutter location, Kd-tree data structure is employed on 
the point cloud data. The multidimensional binary tree (Kd-tree) was first described by 
Bentley [31]. In the Kd-tree data structure no bisector is required as in the two dimensions 
quad-tree data structure [32]. Therefore, Kd-tree data structure has superior performance 
in contrast with the quad-tree data structure for the range searching queries [33]. For 
collision detection queries in 5-axis machining, previous researcher [23, 28] used octree 
bounding box volume hierarchical tree structure to represent the colloidal parts. In this 
research, orthogonal range searching queries from Kd-tree data structure is implemented 
for the collision detection. 
3.4.1 Two dimension Kd-tree data structure 
Two dimension Kd-tree data structure for the point cloud data can be built by taking 
the projection of the 3D points onto the xy-plane (z=0). A brief illustration of two 
dimension Kd-tree data structure along with the orthogonal range searching query is 
presented here. Let Pi be the set of points for i=1, 2...10 in two dimension (xi, yi). The idea 
is to first split the points into two halves based on x-coordinate, then on y-coordinate, then 
again on x-coordinate, and so on in alternating fashion. This process of splitting up of two 
dimension regions is continued until the size of the subset values store in sub tree reaches 
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a minimum value “c”. Figure 3.6(a) and 3.6(b) shows the bisecting lines and the Kd-tree 






















































Figure 3.6- (a) Bisecting of the data points (b) Kd-tree data structure 
 
After constructing the Kd-tree data structure several queries such as to find the 
exact matching of a point, to find the nearest neighbour of a point or to find the points 
which are in the given orthogonal range can be addressed efficiently. Since the focus of 
this research is on the orthogonal range searching queries, hence in figure 3.7 it can be seen 
that how to find the points for the given orthogonal range
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Figure 3.7- Checking procedure for the orthogonal searching query 
3.4.2 Orthogonal range determination model for the spindle 
 
The orthogonal range of the spindle body in x and y directions of the work piece 
coordinate system can be determined by the projections of the top and the bottom circle of 
the spindle on xy-plane of the work piece coordinate system. Equation of the bottom circle 
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 (3.14) 
In order to find the minimum value of wx  and wy , differentiate  wx θ and  wy θ with 
respect to θ  and set it equal to zero i.e.





 0 0  
After differentiation and simplification, we get 
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The minimum values of wx  and wy  can be found by replacing (min) (min) and x yθ θ θ θ   
in equation (3.14). 
s
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To calculate the maximum values of wx and wy , first coordinates of the center of 
the elliptical projection of the spindle bottom circle ‘ s(CBC) ’ in the work piece coordinate 
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The maximum values of 
wx and wy coordinates of the spindle bottom circle 
‘
s(BC) ’ in the work piece coordinate system can be calculated with the help of the center 
of the ellipse as follows 
s s
s ss
w (CBC) w (BC)w
w w (CBC) w (BC)(BC)
2 (x ) Min(x )Max(x )
Max(y ) 2 (y ) Min(y )
   
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Similarly for the top circle of the spindle ‘ s(TC) ’, set of the maximum and the 
minimum values of wx and wy coordinates can be determined. For the orthogonal range 
values of spindle ‘ s(R) ’ 
    
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3.4.3 Algorithm of the collision detection with the spindle (cylinder) and removal 
by the optimum tool length 
 
Inputs {Work piece coordinates
x y z x y z(CL ,CL ,CL ,I , I , I ) , Machine tool rotations (b &C), 
Length of the tool at initial mounting position (𝑙), Spindle length (Ls), Tool holder length 






At each cutter location, calculate the orthogonal range for the spindle by using equation 
(3.17) and extract only those points by Kd-tree data structure approach, which have the 
possibility of the collision.  
Step 2:  
For the given tool vectors or machine tool rotations, cutter locations and the length of the 
tool at any assumed tool mounting position (𝑙). Calculate the start and the end (pivot) points 
of the spindle center line segments in the work piece coordinate system by using equation 
(3.6) 
Step 3:  
At each cutter location, calculate the parameters ‘u’ on the cutting system center line, which 
give the perpendicular distances from the sample points by using equation (3.8). For the 
calculations, only use those sample points which are extracted in step 1. 
Step 4: 
If 0 ≤ u ≤ 1 then keep the parameter value as well as corresponding sample point, otherwise 
neglect it. It is not necessary that all the sample points have perpendicular interaction with 
the spindle center line segment. 
Step 5:  
Calculate the points on the spindle line segment by using equation (3.5) and distances (d) 
between these points and corresponding sample points by equation (3.7). Subtract the 




Step 6:  
Sort the values of d  and only consider the negative values, which show the collision with 
the spindle surface. Also corresponding parametric value “u” is stored. 
Step 7:  
Parametric value (0 ≤ u ≤ 1), can be converted into the actual parameter of the length of 
the spindle by multiplying “LS”. Also sort out the maximum value of the parameter for 
each cutter location. 
Step 8:  
If the negative values of the distance in step 6 exist, then we need to increase the length of 
the tool to avoid collision and the minimum increase in length is the maximum of the 
maximum values of parameter for each cutter location calculated in step 7. If no negative 
value of distance d is exist, there is no need to increase the length and 𝑙𝑛𝑒𝑤 =  𝑙 
 Flow chart of the above algorithm is shown in figure 3.8. At the end of the flow 
chart, it is indicated that run the algorithm for the collision detection with the tool holder 









 Objective of the above algorithm is to get the optimum tool length(𝑙𝑛𝑒𝑤), which 
could avoid the spindle collision with the point cloud data. Based on a new tool 
length(𝑙𝑛𝑒𝑤), orthogonal range searching model for the tool holder can be established. 
  
3.4.4 Orthogonal range determination model for the tool holder 
The orientation of the cutter does not change, therefore 
(min) (min) and x yθ θ  can be 
calculated from equations (3.15) and (3.16) respectively. The minimum and the maximum 
values of w wx  and y for the bottom and the top circle of the tool holder (truncated cone) 
can be obtained from the following equations. 
For the bottom circle of the tool holder: 
The minimum values of wx and wy coordinates for the tool holder bottom circle 
Th(BC) can be given as 
Th
i i
w Th (min) Th (min)
i i
w Th (min) Th (min)(BC)
Min(x ) r cos( ) sin(C) cos(b) r sin( ) cos(C)
Min(y ) r cos( ) cos(C) cos(b) r sin( ) sin(C)
sin(C) si
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The maximum values of 
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For the top circle of the tool holder: 
The minimum values of 
wx and wy coordinates for the tool holder top circle
Th(TC)  can be given as 
Th
o o
w Th (min) Th (min)
o o
w Th (min) Th (min)(TC)
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The tool holder orthogonal range values can be calculated by the following equation 
    
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3.4.5 Algorithm of the collision detection with the tool holder (truncated cone) and 
removal by the optimum tool length 
 
Inputs {Work piece coordinates
x y z x y z(CL ,CL ,CL ,I , I , I ) , Machine tool rotations (b &C), 
New length of the tool after collision removal with the spindle (𝑙𝑛𝑒𝑤), Length of the tool 
holder (LTh), Bottom radius of the tool holder
i
Th(r ) , Top radius of the tool holder
o
Th(r ) , KD-
tree data structure of the point cloud data of the work-in-process model and the fixture 
model} 
 
Step 1:  
At each cutter location, calculate the orthogonal range for the tool holder by using equation 
(3.18) and extract only those points by the Kd-tree data structure approach, which have the 
possibility of the collision. 
Step 2:  
For the given tool vectors or machine tool rotations, cutter locations and with the new tool 
length 𝑙𝑛𝑒𝑤, calculate the start and the end points of tool holder center line segment in work 
piece coordinate system by using equation (3.11). 
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Step 3:  
At each cutter location, calculate the parameters ‘u’ on the cutting system center line, which 
give the perpendicular distances from the sample points by using equation (3.13). For the 
calculations, only use those sample points which are extracted in step 1. 
Step 4:  
If 0 ≤ u ≤ 1 then keep the parameter value as well as corresponding sample point, otherwise 
neglect it. It is not necessary that all sample points have perpendicular interaction with the 
tool holder center line segment. 
Step 5:  
Calculate the points on the tool holder center line segment at the valid parametric values 
of ‘u’ by using equation (3.10) and also calculate the distances ‘d’ between the calculated 
points and the corresponding sample points by using equation (3.12). 
Step 6:  
Calculate the radii ‘r’ of circles for tool holder at valid parametric value by using equation 
(3.9). 
Step 7:  
Subtract the radius (r) calculated in step (6) from the distance (d) calculated in step (5) at 
the corresponding value of the parameter (u). If the resulting value is negative, it means 





Step 8:  
By using the distance (d) of the colloidal points as the radius of the tool holder
Th(r ) , 
calculate the new value of the parameter (u) by using equation (3.9). If the value of the 
parameter (u) is positive, subtract this parameter (u) value from the older one stored in step 
7 and if the value of the parameter (u) is negative or zero, value stored in step 7 will be 
used. 
Step 9:  
In order to get the actual length of the tool needed to increase for the avoidance of collision 
for each cutter location, multiply the parametric value of (u) calculated in step 8 by the tool 
holder length (LTh) for each colloidal point. The maximum value can be used as increase 
in the tool length for each cutter location.  
Step 10:  
Maximum of the maximum values of increase in length for each cutter location will be 
used for the whole tool path.  
 Flow chart of the above algorithm is shown in figure 3.9. From this algorithm, the 
final optimum cutter length can be calculated, which can avoid the collision with the 











There are two main industrial applications of the proposed algorithm 
1. For the given design of the tool holder, determination of the minimum overhang 
tool length for the complete machining of the design part on the five axis machine tools. 
2. Determination of the overall cutting system length for the minimum overhang tool 
length and then on the basis of the overall cutting system length 5-axis machine tool 
working envelope can be evaluated. 
Example of the collision detection and removal by the optimum length of the cutter 
at each cutter location during the machining of the work in process model along with the 
fixture is given below. Representation of the work in process model along with the fixture 
as a point cloud data with the density of 0.1 No. of points/mm2 is shown in figure 3.10 (c).   
Table 3.1: Cutting system parameters 
 Length of the tool at initial mounting position  40mm 
cr  Radius of the cutter  5mm
 
ThL  Tool holder length 50mm
 
i
Thr  Bottom radius of the tool holder or truncated cone 30mm
 
o
Thr  Top radius of the tool holder or truncated cone 50mm
 
sL  Spindle length 200mm 
sr  Spindle radius 120mm 













(b) (c)  
Figure 3.10-(a) Solid model (b) Triangular tessellation representation. (c) Point cloud data representation of 
the work in process model along with the fixture in part coordinate system. 
 
 
3.5.1 Determination of the possible candidate points for the collision detection by 
the KD tree approach 
 
Five axis tool paths are generated for the machining of the work in process model 
with 677 CL points and 32 tool passes. For the point cloud density of 0.1 points /mm2, 
26393 and 4279 numbers of points are generated for the fixture and the work in process 
model respectively. Figure 3.11 and 3.12 shows the no. of possible candidate points at each 
cutter location out of 30672 points for the collision detection determined by the KD-tree 
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approach for the third tool path. First, at the initial tool length of 𝑙 =40mm orthogonal 
range of the spindle is determined at each cutter location of the third tool path and possible 
candidate points are found by Kd-tree approach. At the third tool path collision is detected 
with the spindle and it can be removed by the 𝑙𝑛𝑒𝑤 =56.4476mm. On the basis of the new 
tool length orthogonal range of the tool holder is determined at each cutter location and the 
possible candidate points are found by the Kd-tree approach. 
 
 
Figure 3.11-No. of points determined from the orthogonal range of spindle by Kd-tree structure of 30672 
sample points, when tool length is 40mm. 
  





















Figure 3.12- No. of points determined from the orthogonal range of the tool holder by Kd-tree structure of 
30672 sample points, when tool length is 56.4476mm. 
 
 
3.5.2 Results and simulation verification 
  
For each tool path, the optimum length of the tool is calculated which can avoid the 
collision. At the second tool path, the optimum length is found 62.4611mm. This length is 
the largest length among the entire tool paths and could be used for the complete machining 
of the part. Following table shows the result at the 2nd tool path 
 
 






















Table 3.2: Minimum cutter length needed at some colloidal cutter locations of 2nd tool path 
Index no. of CL point 
16 17 18 20 Max. 
For collision with spindle, 
change in length needed at each 
cutter location (mm) 
1.4899 12.9065 22.4611 9.5921 22.4611 
For collision with tool holder, 
change in length needed at each 
cutter location (mm) 
0 0 0 0 0 
Min. length needed to avoid 












Collision with the 





Figure 3.13- At 3rd tool path and 20th cutter location with machine rotations of C= -26.49o b=52.74o  
(a)Collision of cutting system with the fixture and work in process model with tool length of 40mm. (b) No 








the fixture and 





the fixture and 






Figure 3. 14-(a) At 2nd tool path and 18th cutter location with machine rotations of C=-223.477o and 
b=56.890o collision of the cutting system with the tool length of 40mm. (b) No collision with the tool 
length of 62.46mm and (c) At 20th cutter location with machine rotations of C=-232.22o b=49.15o collision 
of the cutting system with tool length of 40mm. (d) No collision with the tool length of 49.592mm. 
 
Figure 3.13 and 3.14 shows the simulation verification at different cutter locations 
for 3rd and 2nd tool paths respectively. Collision due to the short tool length and collision 





A new and efficient algorithm for the avoidance of collision by the optimum cutter 
length has been proposed. Based on this algorithm, selection of the tool holder for the 
minimum overhang tool length among the different available tool holders is also possible. 
After getting the optimal cutter length, over all cutting system length can be determined 
and then working envelope of the 5-axis machine tool can be evaluated.  The main features 
of this algorithm can be highlighted as under 
1 Since the collision detection is based on the point cloud data of the fixture as well 
as the work in process model. Any design of the fixture can be used for the 
avoidance of the collision.  
2 An efficient approach of Kd-tree data structure for searching possible candidates of 
the colloidal points of the fixture as well as work in process model with the cutting 
system is developed.  
3 The method developed in this research is implemented on type ‘C’ 5-axis machine 
tools whose one rotary axis belongs to the table and the other one is attached with 
the spindle. For the other types of the configuration of the machine possible 
candidates for the collision may vary. 
4 This method also provides the opportunity of selection the tool holder, which gives 




A Precise Approach for the Determination of the 
Setup Parameters to Utilize the Maximum Work 
Space of 5-Axis Machine Tools 
 
 
The maximum workspace utilization of the five axis machine tools is a critical task. 
Cutting system length determines the tool tip reachable workspace for the five axis machine 
tools. Setup parameters for the work piece mounting on the table can be chosen randomly 
for the post processing which do not give the guarantee for machining the part without over 
travel limits of the machine tools. In this research, a precise method is developed for the 
determination of the setup parameters for the work piece mounting on the table which 
guarantee the machining of the part without over travel limits. The proposed algorithm has 
the capability of doing the machining of the big parts in the minimum number of the setups. 
 The setup parameters for mounting the work piece on the table can be defined as 
the location of the origin of the part coordinate system in the table coordinate system and 
they are shown in figure 4.1. Besides the overall cutting system length, these setup 
parameters are also responsible of the machine tool translational over travel limits. These 
setup parameters should be selected prior to the machining in such a way that there is no 


















Figure 4.1- Standard setup parameters of a part on the machine table 
In order to find the feasible set up parameters for mounting the work piece on the 
table, a generalized method is developed which can be applicable to any type of the five 
axis machine tool configuration. The table coordinate system in the kinematic chain can be 
selected as the reference coordinate system and the tool tip and the table accessible work 
space can be calculated in the table coordinate system. Once the tool tip and the table 
accessible work space is calculated in the table coordinate system, it is necessary for the 
cutter work piece engagement to calculate the location of the CL points in the table 
coordinate system and bound these cutter locations within the tool tip and the table 
accessible work space. The calculation of the tool tip and the table accessible work space 
may depend on the location of the translational axes. For example, if all the translational 
axes belong to the spindle then only tool tip accessible work space is needed in the table 
coordinate system. Overview of the method for finding the feasible setup parameters is 
presented with the help of the flow chart as shown in figure 4.2. The functions established 
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in this flow chart is for the DMU60-T machine tools but other functions can be developed 
for any other type of the configuration of the five-axis machine tools with the different 
independent variables. 
 




In order to follow the methodology presented in figure 4.2, this chapter is divided 
into five sections. In the section 1, setup parameters along with the kinematics of the 5-axis 
machine tools are discussed. In the section 2, the tool tip reachable work space is presented.  
A new mathematical model for the determination of the feasible region on the table for 
mounting the work piece is presented in section 3. In the fourth section table accessible 
work space is presented along with the determination of the setup height of the part ‘dz’ 
.The last section concludes the research with the practical machining examples.  
 
4.1 Kinematics of the 5-axis machine tool 
 
A typical five axis machine has three translational axes and two rotary axes. Since 
the methodology developed in this chapter is implemented on the “C” type 5-axis machine 
tools, whose one rotary axis belongs to the table and the other is attached with spindle. The 
configuration of the machine along with the axes motion is already shown in figure 1.2.  
Derivation of the machine coordinates can be accomplished by considering the three types 
of transformations. 
1. Coordinate transformation to another reference system without motions. 
2. Transformation corresponding  to the actual machine rotations, and 
3. Transformation corresponding to the actual machine translations. 
The tool path (cutter locations and orientations) is generated in the part coordinate 
system (ow). Initially, origin of the cutter coordinate system coincides with the origin of 
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the part coordinate system at the machining zero point i.e all the machine axes motion are 
set to zero. All the reference coordinate systems are the right handed coordinate system 
and shown in the figure 4.3(b). For the standard set up of the work piece shown in the 
figure 4.3(a), the orientation of the work piece coordinate system is the same as the 
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Figure 4.3- (a) Transformation sequence along with the reference coordinate system. (b) Standard setup of 








x y zCL CL CL 1    be a point in the part coordinate system. 
Following steps are needed to transform “Pw” from the part coordinate system (ow) to the 
cutter coordinate system (oc).  
Step 1:   
















0 0 0 1
 
Where  dx dy dz  are the coordinates of the ‘ow’ in the ot-coordinate system and are 
called the setup parameters for mounting the work piece on the table. 
 
Step 2:  
Rotation around the zt-axis in ‘ot’ by the angle ‘C ’.The point ‘Pt’ is rotated around the zt-




t 2 t t
cos C sin C
sin C cos C









0 0 1 0
0 0 0 1
 
Step 3:  
Before translating the point '
tP in the op-coordinate system, it is necessary to transform the 
point '
tP  in the other coordinate system ‘o1’ which has the same origin as the ot- coordinate 




t t tP  T .P  P
 
 





0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1
 
Step 4:  
Translate the point ‘ "
tP ’ in the op-coordinate system with the machine slide translation ‘M’. 
The work piece attached to the table will appear to move away from the spindle in the 
negative directions of the op-coordinate system for the positive value of the machine slide 
translation ‘M’. Thus for machines slide translation  M x y Z , the center of the o1-
coordinate system will be at the location of  odx x dy y L +dz Z      in the op-
coordinate system. 
'' ''















0 0 0 1
 
Where  odx dy L dz     is the coordinate of the origin ‘o1’ in the op-coordinate 
system with respect to the machining zero position. 
 
Step 5:  
Rotation around the yp-axis in the op-coordinate system by the angle ‘b ’.The point ‘Pp’ is 





p 5 p p
cos b sin b
P = T P  = P








0 1 0 0
0 0
0 0 0 1
 
Step 6:  
Map the point '













1 0 0 0
0 1 0 0
0 0 1
0 0 0 1
 
It is clear from the above steps; any point in the part coordinate system can be transformed 
in the cutter coordinate system by the following series of the transformations. 
c 6 5 4 3 2 1 wP =T T T T T T P       (4.1) 
Each CL point in the part coordinate will be the origin of the cutter coordinate 
system during the machining. By substituting the  
T
cP  0 0 0 1 in equation (4.1) and 
after simplification, the machine coordinates can be given as 
x y ox CL sin(C) dy cos(C) CL cos(C) dx sin(C) dy L sin(b)            (4.2) 
x yy CL cos(C) dy sin(C) CL sin(C) dx cos(C) dx          (4.3) 
z o oZ CL L L cos(b)      (4.4) 
4.1.2 Machine tool rotations  
  
The four set of the machine tool rotations (b and C) are possible for the given tool 
vector in the part coordinate system. For the post processing, it is necessary to find the 
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rotation angles first, then it is possible to calculate the machine translation motion from the 
equations 4.2 to 4.4. The explanation of four possible machine tool rotation solutions is 
given in the appendix A.   
 
4.2 Tool tip accessible work space model 
 
The tool tip reachable work space can be represented in the table coordinate system 
‘ot’. During the machining, for the each CL point there is a spindle rotation angle ‘b’ which 
can define a rectangular range in the table coordinate system. The pivot point ‘op’ moves 
on the rectangular plane defined by the maximum and the minimum limits of x and y travel 
of the machine tool. The figure 4.4 shows the vertices (ABCD) of the rectangular plane 
















Figure 4.4- x and y travel limits in the table coordinate system ‘ot’ 
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For the DMU 60T 5-axis machine, table (4.1) shows the machine constant parameters. 
It depends on the machine tool structure and the similar machine constant parameters can 
be found for the other same configuration type DMU series such as the DMU 80T and the 
DMU 100T. 








Min. x-travel limit from the origin of the table coordinate 
system ‘ot’  
500 
2 x2 













The overall cutting system length ‘Lo’ is also an important parameter for the tool 
tip rectangular range determination. For the given cutting system length and the tool 
rotation angle (b), the tool tip rectangular range in the table coordinate system is constant. 
 
4.2.1 Unsymmetrical spindle rotation limits 
The unsymmetrical spindle rotation limit also changes the rectangular range in the 
x-travel direction. The figures 4.5(a) and 4.5(b) shows the unsymmetrical spindle rotation 





















Tool tip maximum range profile 
on the plane prallel to ytzt plane
(a) (b)  
Figure 4. 5- (a) Unsymmetrical limits of spindle rotation & (b) Tool tip maximum range profile on the 
plane parallel to ytzt-plane. 
 
 
It can be seen from the profile, minimum value of the ‘yt’ coordinate of the tool tip 
limit in the table coordinate system ‘ot’ initially decreases up to the 12o of the spindle 
rotation and then increases from -12o to -90o.  
 
4.2.2 Rectangular tool tip range in the table coordinate system 
By using the machine constant parameters described in table 4.1, it is easy to define 
the rectangular range of the tool tip in the table coordinate system. Figure 4.6 shows the 
rectangular range for the constant overall cutting system length ‘Lo’ and the different values 







Rectangular range of the tool tip at 
different value of the spindle rotation 
for the cutting system length of 400mm
 
Figure 4. 6- Rectangular range for the different values of the spindle rotation 
 
The equation of the quarter arc on the ytzt-plane of the table coordinate system with the 
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 (4.5) 
The equation of the right side tool tip arc in the table coordinate system can be generated 
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The maximum tool tip range along the yt-direction is given by 
    o o(max) oL sin 130       0 90ty b b b       (4.7) 
Similarly, the minimum tool tip range along the yt-direction is given by 
  o ot(min) oL sin( ) 500       12  90y b b b        (4.8) 
The maximum and the minimum tool tip range along the xt-direction are constant and are 
given by 
t(min) 1x y 280     (4.9) 
t(max) 2x y 280   (4.10) 
 
 
4.3 Mathematical model for the determination of the feasible region on the table 
for mounting the work piece based on the tool tip accessible work space 
 
The cutter work piece engagement at the certain CL point without x and y over 
travel limits of the machine tools depends on the setup parameters ‘dx’ and ‘dy’ as shown 
in figure 4.7.  The rectangular range of the tool tip at some value of the spindle rotation 
















Rectangular range of the tool tip at 












1dx dy be the coordinates describing the position of the work piece 
coordinate system in the table coordinate system. Any “CL” point in the work piece 





P 0 1 . CL
0 0 1 1
   
   
   
      
dx
dy  
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(CL ) cos(C) (CL ).sin(C)x
(CL ).sin(C) (CL ).cos(C)y
      




The point  ' ' 't t tP x y  is must be inside the rectangular range of the tool tip for the cutter 
work piece engagement or satisfying the following inequality  
'
t(min) t t(max)x x x   
'
t(min) t t(max)y y y   
By substituting the values from the equations 4.7 to 4.11, we get 
x y280 (CL ) cos(C) (CL ).sin(C) 280      dx dy   
o x y oL sin(b) 500 (CL ).sin(C) (CL ).cos(C) L sin(b) 130           dx dy   
From the above two inequalities, we can derive the following four inequality functions 
1 x y( , ) (CL ) cos(C) (CL ).sin(C) 280 0      g dx dy dx dy  
2 x y( , ) (CL ) cos(C) (CL ).sin(C) 280 0      g dx dy dx dy  
3 x y o( , ) (CL ).sin(C) (CL ).cos(C) L sin(b) 130 0       g dx dy dx dy  
4 x y o( , ) (CL ).sin(C) (CL ).cos(C) L sin(b) 500 0       g dx dy dx dy  
In order to find the feasible region for mounting the work piece on the table for 
each CL point, graphical approach [35] is applied. The common region for all the CL points 
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could be the final feasible region for selecting the setup parameters ‘dx’ and ‘dy’ of the 
work piece with respect to the table coordinate system. 
 
4.3.1 Model for generating the polygon of the feasible region 
Consider the following inequality functions for each CL point 
1, x, y, ( , ) (CL ) cos(C ) (CL ).sin(C ) 280 0k k k k kg dx dy dx dy        
2, x, y,( , ) (CL ) cos(C ) (CL ).sin(C ) 280 0k k k k kg dx dy dx dy        
3, x, y, o( , ) (CL ).sin(C ) (CL ).cos(C ) L sin(b ) 130 0k k k k k kg dx dy dx dy         
4, x,k y,k o( , ) (CL ).sin(C ) (CL ).cos(C ) L sin(b ) 500 0k k k kg dx dy dx dy         
Where k=1, 2, 3, 4 …….. , No of CL points 
          1, 2, 3, 4,and  t k k k kg dx dy g dx dy g dx dy g dx dy g dx dy  
Where t=1, 2, 3, 4 …….. , total no. of inequality functions (4x No. of CL points) 
 
The following function lines are always parallel to each other for the each CL point 
because they have the equal coefficients of ‘dx’ and ‘dy’. Therefore, 
1, 2,( , ) =0 is parallel to ( , ) 0k kg dx dy g dx dy  , and 
3, 4,( , ) =0 is parallel to ( , ) 0k kg dx dy g dx dy   
Initially, four intersection points are calculated from intersecting lines of the first 
CL point. These four points formed the edges of the rhombus. In order to get the parametric 
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equations of the edges of the rhombus, it is necessary to arrange the points in the clockwise 
or in the anticlockwise manner. 
(a) Mathematical model for the arrangement of the points describing the edges of 
the polygon: 
 
Let ‘S’ be the set of 2D points describing the vertices of the polygon   
  n nS P dx dy  
Where n =1, 2, 3…No. of vertices of the polygon 
The vertices can be arranged in the anticlockwise manner by arranging the ' 'i in the 
ascending order as shown in figure 4.8 (c) and ' 'i can be calculated as follows 
𝜃𝑖 = cos
−1
(?̂?. 𝑣𝑖⃑⃑⃑  )
|𝑣𝑖⃑⃑⃑  |
 
 1,  2,  3  -1for i n   
Where
i 0 iv =P P  is the vector from the lower left point ‘Po’ to the remaining points of the 
set ‘S’ and  ?̂? = [1 0]𝑇 is the unit vector along the positive x-axis direction 
For the vertices 1 2 3,  ,   nP P P P arranged in the anticlockwise manner, the 
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θ3 < θ1 < θ4 < θ2 



















Figure 4.8- (a) Randomly named five vertices of the polygon. (b) Angles measured between the x-axis and 
the different vectors from the lower left point to the other vertices of the polygon (c) Points arrangement 
according the ascending order of the ‘θ’ (d) Final polygon. 
 
After getting the four vertices and the parametric equations of the four edges for 
the first CL point, it is necessary to check polygon of the feasible region for the remaining 
inequalities functions. 
 
(b) Mathematical model for generating the final feasible polygon 
Any inequality function  tg dx dy can have one of the three types of effect on 
the feasible polygon region. 
L PFR FR   
(4.12) 




'L P PFR FR FR   
(4.14) 
 
Where LFR =Feasible region specified by the inequality function  tg dx dy    
PFR = Feasible region bounded by the polygon 
'PFR = Feasible region bounded by the reduced size polygon 
From the equation (4.12), it can be seen that there is no feasible region for finding the 
parameters ‘dx’ and ‘dy’ for mounting the work piece on the table. This case is shown in 













Figure 4.9- No feasible region case when  L PFR FR   
 
 From equation (4.13), it can be seen that existing feasible region of the polygon 
will remain same after applying the inequality function. Figure 4.10 shows the three cases 



































Figure 4.10- No change in the feasible region when inequality function is applied or when  
L P PFR FR FR   
 
 From equation (4.14), it can be seen that the inequality function reduces the area of 




















Figure 4.11- Reduction in the feasible region when inequality function is applied or when  
'L P PFR FR FR   
To get the final feasible polygon it is necessary to calculate the parametric value on 
the edges of the polygon for the intersection of the edges with the parametric line of the 
inequality function and it can be calculated as 
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       
       
2 1 1 1 2 1
2 1 1 1 2 1
           0 1
i i
i i i i
dx dx dy dy dx dx dy dy
v for v
dx dx dy dy dx dx dy dy 
      
  
      
 
Where  1 1 1P dx dy  and  2 2 2P dx dy are the end point of the inequality function 
and  i i iP dx dy &  1 1 1i i iP dx dy   are the end points of the edge ‘ il ’ of the polygon 
 
4.4 Determination of the feasible ‘dz’ parameter of mounting the work piece on 
the table 
 
The two setup parameters ‘dx’ and ‘dy’ are defined the over travel limits of the 
spindle and can be determined by using the method described in section 4.3. The ‘dz’ 
parameter defines the over travel limit of the table. Figure 4.12 describes the table travel 












Figure 4.12- Table travel limit along with the machine constants d1 and d2 
 
The machine constants d1 and d2 can be defined as follows along with their values for  
DMU 60T machine tools 
d1= Distance between the xpyp-plane and the table maximum height position=338mm 
d2= Distance between the xpyp-plane and the table minimum height position. 
2 1d  d Overll z-travel limit = 338+560 =898mm   
It is clear from figure (4.12) during the machining for each CL point; z-travel of the table 
should satisfy the following inequality 
o 1 2 o(L d )  Z-travel of the table  (d L )dz dz        
By substituting the value of the Z-travel of the table from equation (4.4), we get 
1 o o z o 2 o(d L ) (L cos(b) CL L )  (d L )dz dz          
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1 o k z,k 2 o k z,kand,  Max (d L cos(b ) CL )  Min(d L cos(b ) CL )dz         (4.15) 
Where k=1, 2, 3, 4 …….. , No of CL points 
The value of the ‘dz’ parameter must satisfy equation (4.15) to do the machining without 
over travel limit of the table.  
4.5 Machining examples along with the simulation verification 
For generating the tool path in the part coordinate system different machining 
strategies can be applied. The proposed method of determining the setup parameters for 
mounting the work piece on the table is based on the predetermined 5-axis machining tool 
path generated by the software such as CATIA. In the following section three machining 
examples are presented. First example is related with the machining of the simple prismatic 
part, the second example is also the prismatic part contain more features of the machining 
and third is the machining of the bracket for holding the pipe which includes some features 
of the continuous 5-axis machining. It can be seen clearly, for the bigger parts there is a 
small feasible polygon area for selecting the setup parameters. Furthermore, in the second 
example, there is also the possibility of obtaining two or more than two sets of the feasible 
regions for selecting the setup parameters.  
4.5.1 Prismatic part machining with two machining processes 
In this simple example, only two machining processes are required to complete the 
machining of the part. To show the effectiveness of the method bigger design part is 
selected. The size of the rough stock is (500x450x100) mm3. One side dimension (500mm) 




Figure 4.13- (a) Design part with the rough stock. (b) Tool path generation snap shots 
 
Figure 4.13(a) shows the rough stock with the design part and the snap shot of two 
machining processes are shown in figure 4.13(b). The tool path is generated in such a way 
that tool axis is always normal to the design surface. After generating the tool path, CL 
points and tool vectors are generated in the work piece coordinate system. For the machine 
tool orientations (post processing), facing of the top surface can be done with b=0deg and 
C=0deg and inclined facing can be accomplished with b=-60deg and C=180deg. With the 
overall cutting system length (Lo=400mm), feasible region for selecting dx and dy setup 
parameters for mounting the work piece on the table is shown in figure 4.14 (a). Setup of 
the stock on the table with the feasible setup parameters is shown is figure 4.14 (b) and it 
can also be seen that coordinates of the ‘ow’ in the table coordinate system ‘ot’ is




Figure 4.14- (a) Feasible region for selecting the setup parameters. (b) Example of setup the part when 
setup parameters are selected within the feasible region 
 
 To avoid the z-over travel limit of the table, it is necessary to setup the part at the 
certain height ‘dz’. This height gives the room for placing the fixture on which part is 
mounted and should satisfy the inequality (4.15). For the above example inequality (4.15) 
gives the result as 
 217.82 dz 508.00   
In the figure 4.14 (b), dz=250mm is the safe value for machining the part without 
over travel of the z-travel limit. After selecting the feasible setup parameters, post 
processing (G-codes) are developed with the help of the equations presented in section-2 
and the simulation of the machining shows that the part can be machined without over 
travel limits of the machine tool axes. In figure 4.15 (a) setup parameters 
   dx dy dz 260 280 250      is shown and from figure 4.14 (a) it can be seen 
that    dx dy 260 280     is at the outside of the feasible region. G-codes are 
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generated with the setup parameters as shown in figure 4.15 (a) and the snap shot of the 
simulation of the machining in figure 4.15 (b) shows that some area of the design part 












x-travel reaches at its end limit
Machining of this surface is not possible
(a) (b)  
Figure 4.15- (a) Setup of the part when setup parameters are selected from outside the feasible region (b) 
Snap shot of the simulation showing that further machining is not possible due to the limitation of the x-
travel 
 
4.5.2 Prismatic part machining with multiple machining processes  
 
Another example of a prismatic part with multiple machining processes will be 
presented. The rough stock and the design part is shown in figure 4.16. The tool path is 
generated in such a way that the tool vector is always normal to the design surface. The 
snap shots of the top facing and four corners inclined facing are shown in figure 4.17 and 




Figure 4.16-Design part and the rough stock 
Five axis machining is an efficient way to remove the material from the inclined 
surface. If we use three axis machine instead of five axis, we need to design the fixture to 
hold the work piece for the four inclined faces. It also increases the setup time. For the post 
processing of the five axis machining, top facing is done with the rotations of C=0o and 
b=0o and the facing of the other four corners is conducted with b=-35.26o. For the table 
rotation ‘C’, four times indexing is needed with the difference of 90o.  
 




Figure 4.18-Snap shot of the four corners inclined facing 
  
 With the overall cutting system length of 400mm, five feasible regions for the 
determination of dx and dy setup parameters for the five different processing of the 
machining (one horizontal top facing and four corner inclined facing) are plotted and a 
common region among them as shown in figure 4.19 is the final feasible region for the 
determination of the setup parameters (dx and dy). By choosing these parameters from the 
final feasible region, all five machining operations can be accomplished with a single setup 
and without over travel of the x and y axes of the machine tools. If the size of the part is 
bigger and the machining is not possible with the single setup then this method can also 
provide the choices of selecting the setup parameters ‘dx’ and ‘dy’ from the common 
region of two or more than two sets of the feasible regions. In other words, machining of 




Figure 4.19-Five feasible regions for five machining processes along with the final common feasible 
region. 
 
 For the determination of the ‘dz’ setup parameter for this example, inequality 4.15 gives 
the following result.  
81.33 dz 508.00   (4.16) 
Feasible setup parameters dx and dy can be selected from the final feasible region shown in figure 
4.18 and the feasible ‘dz’ value can be selected from inequality 4.16. Two setups of the part on the 
table are shown in figure 4.20 and 4.21. One setup with (dx dy dz) = (-100 -175 -310) is shown in 
figure 4.19 along with the location of the (dx dy) = (-100 -175) in the final feasible region. With 
these parameters G-codes are generated and the simulation is conducted with the help of CATIA. 
In the simulation it can be seen that part can be machined completely without over travel limits of 





Figure 4.20- Feasible setup of the part on the machine table along with the location of the feasible point 
inside the final feasible region 
 
Other setup with the setup parameters of (dx dy dz) = (-100 -190 -310) is shown in figure-
4.20 along with the location of the (dx dy) = (-100 -190) in the graph of the final feasible region. 
In this figure it can be seen clearly that the selected parameters of dx and dy are located outside 
from the final feasible region. After generating the G-codes for the machine tool axes motion 
commands, simulation of the machining is done in CATIA. The simulation result shows that with 
these setup parameters all five machining processes cannot be completed and the some portion of 






Figure 4.21- Infeasible setup of the part on the machine table along with the location of the feasible point 
outside the final feasible region. 
 
4.5.3 Machining of the ‘bracket for holding the pipe’  
 
To show the effectiveness of the method, machining of a practical part which 
includes several machining processes will be presented. The design part as shown in figure 




Figure 4.22-Design part (bracket for holding the pipe) and the rough stock. 
 
For machining the part, following five machining operations are applied. The snap 
shots of these five machining operations are shown in figures 4.23 and 4.24. 
1- Facing of the horizontal surface. 
2- Pocketing of the four bottom faces with three levels of passes 
3- Multi axis machining of curved surfaces of the four inclined rib supports with two 
level of passes. During the multi axis machining, tool axis is always normal to the 
drive surface. 
4- Profile contouring of outer top circular face of the hole and four corner edges. 















Figure 4.24- (Snap shot contd.): (c) Five axis continuous machining of the top surface of the four 
supporting ribs with two levels (d) Profile contouring of the cylindrical surface and four edges (e) Drilling 
and internal pocketing 
 
 After generating the tool path, it is necessary to find the feasible setup parameters 
before post processing (G-codes). For the complete machining of the above design part, 
feasible area for selecting the parameters ‘dx’ and ‘dy’ can be obtained by using the method 
developed in section 4.3.1. Figure 4.25 shows the common feasible area along with the 
feasible area of the different machining operations separately.   




Figure 4.25- Common feasible region along with feasible regions for each machining operation. 
 
The setup height parameter ‘dz’ should be selected in between the range, 
determined by the inequality (4.15) to avoid the z-over travel limit of the table. For the 
above example inequality (4.15) gives the result as 
 148.89 dz 464.72   
 Two setup parameters as shown in figure 4.26 are selected, one is the feasible and the 
other is not feasible. For the feasible and the infeasible setup parameters, coordinates of 
the ‘ow’ in the table coordinate system ‘ot’ are (-160 -200 -300) and (-180 -220 -300) 
 84 
 
respectively. The machining simulation also shows that by choosing these setup parameters 
from infeasible region, complete machining of the part is not possible.   
 
 
Figure 4.26- (a) Feasible setup of the rough stock. (b) Infeasible setup parameters of the rough stock.  
 
4.6 Summary 
Fully utilization of the work space of the 5-axis machine tool is an important task, 
which is completely ignored by the previous researchers. Minimum number of the setup of 
the part improves efficiency of machining. The proposed algorithm has a capability of 
machining the bigger part on a small size five axis machine with the minimum number of 
setups.  
The methodology developed in this chapter can be summarized as follow: 
1 Development of the kinematic chain of the five axis machine tools along with the 




2 Determination of the tool tip and the table accessible work space in the table 
coordinate system based on the kinematics and the machine tool rotations. 
3 From the kinematic chain and based on the setup parameters, determination of the 
cutter locations in the table coordinate system and bound these cutter locations 
within the tool tip and table accessible work space. 
4 Solve the inequality functions formed due to the bounding of cutter locations within 













Conclusions and Future Work 
  
In this dissertation two main and critical problems of five axis machining have been 
solved.  The first contribution of this research is the comprehensive approach for the 
determination of the optimum cutter length for the five axis machining and the second 
contribution is the maximum utilization of the five axis machine useful workspace. The 
main contributions, which differs the present research work with the other researchers can 
be summarized as follows: 
1 Consideration of the work in process model as a rough stock and representation of 
the work in process model as well as the fixture with the point cloud data. 
Representation of the solid surface with the point cloud data gives the flexibility of 
representing any type of fixture as well as any other moving part of the five axis 
machine tools.  
2 An efficient way of confining the searching of the colloidal points among the point 
cloud data by using the KD tree data structure. No research has been conducted 
with this approach. 
3 In industries different sizes of the tool holders are available. With the help of the 
algorithm of optimum tool length selection, selection of the tool holder is also 
possible, which gives the minimum overhang length of the cutter. 
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4 A new generic approach of the maximum utilization of the useful work space of the 
5-axis machine tools is described. The key idea of this approach is the 
determination of the tool tip and the table accessible work space and based on these 
accessible work spaces, determination of the setup parameters.    
5 This approach of selecting the work piece setup parameters gives the opportunity 
of selecting the minimum number of the setups of the part, which is required to do 
the complete machining of the part without reaching the over travel limits of the 5-
axis machine tool translational axes. 
For the future work, following topics are suggested: 
1 Extension of the algorithm for the determination of the optimum cutter length for 
the other configuration of the five axis machine tools 
2 The developed method is only for the collision detection at the CL points and there 
is also a possibility of collision at the interpolated points i.e. between the two 
consecutive cutter locations. Integration of the developed algorithm with some 
interpolation techniques to solve this issue. 
3 The generic method developed for maximum utilization of the work space of five 
axis machine tools is only implemented for the five machines whose one rotary axis 
is located on the table, and the other is on the spindle. Implementation of this 
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A.1:  Derivation of homogenous transformation matrix from cutter coordinate 
system to the work piece coordinate system “ cutter
wT ” 
Consider the following configuration of DMU 60-T 5-axis machine along with the 
coordinate systems required to transform point from part coordinate system (Ow) to the 
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Tool path is generated in part coordinate system (Ow) or Cutter locations and 
orientations are given in part coordinate system. Initially, origin of the cutter coordinate 
system coincides with the origin of the part coordinate system at machining zero point i.e 
all machine axis motions are set to zero. All reference coordinate systems are right handed 
coordinate system. For the standard set up of the work piece, orientation of the work piece 
coordinate system is same as the orientation of the coordinate system attached at the center 
of the table.    
Let “Pw” 
T
x y zCL CL CL 1    be a point in the part coordinate system. 
Following steps are needed to transform “Pw” from the part coordinate system (ow) to the 
cutter coordinate system (oc).  
Step 1:   
















0 0 0 1
 
Where  dx dy dz  are the coordinates of the ‘ow’ in the ot-coordinate system and are 
called the setup parameters for mounting the work piece on the table. 
 
Step 2:  
Rotation around the zt-axis in ‘ot’ by the angle ‘C ’.The point ‘Pt’ is rotated around the zt-
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0 0 1 0
0 0 0 1
 
Step 3:  
Before translating the point '
tP in the op-coordinate system, it is necessary to transform the 
point '
tP  in the other coordinate system ‘o1’ which has the same origin as the ot- coordinate 
system and has an orientation of the op-coordinate system. 
" ' '
t t tP  T .P  P
 
 





0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1
 
Step 4:  
Translate the point ‘ "
tP ’ in the op-coordinate system with the machine slide translation ‘M’. 
The work piece attached to the table will appear to move away from the spindle in the 
negative directions of the op-coordinate system for the positive value of the machine slide 
translation ‘M’. Thus for machines slide translation  M x y Z , the center of the o1-
coordinate system will be at the location of  odx x dy y L +dz Z      in the op-
coordinate system. 
'' ''



















Where  odx dy L dz     is the coordinate of the origin ‘o1’ in the op-coordinate 
system with respect to the machining zero position. 
 
Step 5:  
Rotation around the yp-axis in the op-coordinate system by the angle ‘b ’.The point ‘Pp’ is 
represented in the rotated coordinate system as a point '
pP . 
'
p 5 p p
cos b sin b
P = T P  = P








0 1 0 0
0 0
0 0 0 1
 
Step 6:  
Map the point '













1 0 0 0
0 1 0 0
0 0 1
0 0 0 1
 
It is clear from the above steps; any point in the part coordinate system can be transformed 
in the cutter coordinate system by the following series of the transformations. 
c 6 5 4 3 2 1 wP =T T T T T T P        
w
c c wP T .P  
After simplification, homogenous transformation matrix from work piece coordinate 
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Homogenous transformation matrix from cutter to work piece coordinate system is given 
as  





By knowing the coordinate of the origin (CL point) of the cutter coordinate system 
in the work piece coordinate system, it is easy to get the inverse of w
cT . By taking the 
transpose of rotational part of w
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A.2:  Machine rotations (C and b) solutions for the given tool orientations 
For the possible rotation angles, we will discuss two cases 
(a) When the tool in the spindle rotate in positive direction  
To align the tool vector “I” with the w wy z -plane and for the positive tool rotation 












































Figure A2- (a) & (b) Positive rotation of the table ‘C’ for positive rotation of spindle ‘b’, when tool vector 
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   11 z 1 1b cos I     0  b   
     
Above equations give the positive rotation angle ‘ 1C ’ when the tool vectors are in 
different quadrants. It is clear from figures (A2) (a) & (b) that by subtracting 2π from the 
angle 1C , we can get the negative rotation of the table which also satisfied with the positive 
rotation of the spindle. 
   ' 11 1 1 z 1 1C  C  2    and   b cos I     0  b    
       
Therefore, 1 1(C , b ) and
'
1 1(C , b )  are the two possible solutions of the rotation required to 





(b) When the tool in the spindle rotate in negative direction  
To align the vector “I” with the w wy z -plane and for the negative tool rotation ‘b’, 
















































Figure A3- (a) & (b) Positive rotation of the table for the negative rotation of ‘b’ when the tool vector is in 
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   12 z 2 2b cos I      b  0
    
 
Above equations give the positive rotation angle ‘ 2C ’ when the tool vectors are in 
the different quadrants. It is clear from figures (A3) (a) & (b), that by subtracting 2π from 
the angle 2C , we can get the negative rotation of the table which also satisfied with the 
negative rotation of the spindle. 
   ' 12 2 2 z 2 2C  C 2    and  b cos I      b  0 
        
Therefore 2 2(C , b ) and 
'
2 2(C , b ) are the other two possible solutions of rotation 
required to align the tool in the spindle with the tool vector in part coordinate system.  
 
 
